A mechanical model of a digital balancing system is constructed and its stability. analysis is presented. This model describes practical problems like backlash and sampling delay. Stationary and periodic solutions are determined numerically for the case of the system without sampling. The existence and stability of periodic solutions are checked analitically. Adding sampling delay to the system, the stability conditions change and above a critical value of the delay, the balancing is impossible. The stability chart is determined again, and stable motions are identified.
Introduction
Unstable equilibria of mechanical systems often have to be stabilized by control force. A number of applications can be found in this field, e.g. thrust control of aircraft, the articulated bus running on icy road, the shimmying wheel or the balancing of standing and walking robots. A typical example of st,abilization of unstable equilibria is the balancing. The simplest model of balancing is that of the inverted pendulum, so it has extensive specialist literature either about its theorotical or experimental aspects [1]- [6] .
A digital balancing of the inverted pendulum is examined in the subsequent chapters. The pendulum is placed on a cart, its angle and angular velocity is measured and the control force is determined by them in a way that the upper equilibrium should be stable. Control parameters must be chosen from a bounded region of the parameter plane. The control is performed by a computer and time delay occurs in the system due to the sampling of the digital processor. It causes the additional decrease of the stability domain.
The control force is provided by a motor which.is also situated on the car. It drives one of the wheels of the cart through an elastic teeth belt. Backlash occuring at the driving belt makes the system piece- The above mentioned digital balancing system can be seen in Figure 1 [12]-[13] . The system has 2 degrees of freedom described by the. angle cp of the pendulum and the alongation A = T,$ -k x of the belt.
The velocity x of the cart and the angle cp of the pendulum with its derivative are detected, but the differential gain of the cart eliminates the' damping K of the motor, so the control force has the simplified form Q = Pcp+ D@. where TO is the value of backlash.
New constant expressions appear in the equations of motion, this means shifting of the solutions. The stability domain does not change but it is valid only if lAl > T O . Otherwise, the control force is not transmitted by the belt in the tiny zone 1 4 1 < T O .
T h e bifurcation analysis
Numerical analysis of this model was accomplished in earlier works [14] - [15] . The spring characteristic has a noncontinuous first derivative and this caused problems during the numerical calculations. The bifurcation analysis was carried out by using approximate spring characteristics and the bifurcation diagrams were constructed.
After the bifurcation analysis carried out by AUTO, It is bordered with the same straight line and parabola as it was bordered in case of the linear system (the system without backlash). Fix points are stable in a little domain near the straight line.
Stable limit cycle appears at the homoclinic bifurcation point indicated with the dotted line. Fix points lose their stability at the other bifurcation point indicated with the smashed line, so all the fix points and the limit cycle are stable between the dotted and the smashed line, and only the limit cycle is stable in the remaining part of the stability domain.
3.2
The nonlinear stability analysis of periodic solutions In case of one of the approximate spring characteristics, unstable periodic solutions appeared for values of P to the right of the smashed line in Figure  2 , while the fix points were stable [15] . The amplitude of the periodic solution decreased as the approximation was more and more accurate, thus the fixed points were supposed to be unstable without limit cycles around them. The analysis presented below [lo] helps to confirm the correctness of earlier results. 
Existence
T where z = ( cp A (c, A ) .
The general solution of equation ( 5 ) can be written in the following form z = 4 r + < ,
where y contains the constants which can be determined from the initial conditions.
One type of periodic solution intersects both borders of backlash. This periodic solution is symmetric and must satisfy the periodicity and the matching conditions Index 1 concerns the zone IAI > T O , while index 2 concerns the zone lAl < TO. tl and t2 are the time spent in the corresponding zone in half a period. yl,-y2,tl and t 2 are 10 unknowns, while equations (8) and (9) represent 10 equations. However, tl and t2 cannot be expressed explicitly, so the unknowns can be determined on the basis of the following process.
The amplitude of periodic solutions obtained by using the approximate spring characteristics depends on the correctness of the approximation, but their period is the same if all the other parameters are fixed. Thus tl and t 2 are determined numerically and used in equation (8) to compute y1 and r 2 . Then the obtained result is checked by equation (9):
The other type of periodic solution intersects only one of the borders of backlash. The same process can be applied, but the periodicity conditions are changed 
The periodic solution is stable if and only if the absolute value of all the eigenvalues of I 3 is less than 1.
The earlier results are confirmed by applying this analysis. Stable periodic solutions are found in the majority of the stability domain as it is shown in . Figure 2 . The amplitude of unstable periodic solutions found by the numerical analysis using approximate spring characteristics is zero, so the assumption that fix points are unstable and unstable periodic solutions do not exist is right.
The digital effect
The digital effect causes time lag in the control force. To emphasize it, the equation of motion (6) is written in the form
where D = ( P 0 D 0 ) and T is the time delay.
Let us introduce the following nominations
and then the discrete equations of motion have this form
Merging z and U in one vector
. .
(15) the discrete equations of motion can be obtained in the following form Neglecting backlash (P = 0 ) the upper equilibrium of the pendulum is stable if and only if the absolute value of all the eigenvalues of 9 is less than 1. After applying the Moebius-transformation, the Routh-Hurwitz criterion can be used for determining the stability conditions. The stability chart is given in Figure 2 Adding backlash to the system, the perfect'stabilization of the upper equilibrium is impossible, but 2 kinds of stable motion are obtained. One is drawn in Figure 3 
Conclusions
Increasing time delay tends to destabilize the digitally controlled dynamical systems. Backlash causes oscillations of the pendulum around its upper equilibrium. Numerical and analytical results show good coincidence about its effect. Occurance sampling delay and backlash together may lead to chaotic motion. The examined model is an example for the problems of digital stabilization of unstable equilibria of piecewise linear systems, but the main principles and methods are valid for the stabilization' of unstable equilibria of any other controlled piecewise linear systems.
